
An analysis  of the coefficient  of f2 shows that it is negative for  any lags of the condensed phase (any re_l- 
a t ive  s l ips  Pl/P2 > 3 ~ / ( x + 1 )  (fi<0.419, in the case  x = 5 / 4 ) .  Here the s ingular i ty  r ea l i zed  in a divergent  chan-  
nel is obviously a saddle-point  if we do not b e a r  in mind drop production nor  the influence of the curva tu re  of 
the channel prof i le .  Drop agglomera t ion  (r which p redomina tes  o v e r  f ragmenta t ion ,  and the posi t ive c u r v a -  
ture  of the channel prof i le  (y" > 0) only s t rengthen this conclusion.  The saddle-point  nature  of the s ingular i ty  
at higher contents of condensed phase predominat ing  over  drop f ragmenta t ion  in the negative curva tu re  of the 
profi le  (i.e., the same  as in the case  of a pure  gas) is poss ib le  only for  s l ips  of not too high a magnitude.  In 
the opposi te  case  det ]I aij  I] > 0 and the na ture  of the s ingular i ty  d i f fers .  The t rans i t ion  point beyond the speed 
of sound loses  the nature of a saddle point.  
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USE OF THE PARAMETRIX METHOD FOR ESTIMATING 

EFFECTIVE ELASTIC MODULI OR RANDOMLY 

NONHOMOGENEOUS ELASTIC BODIES 

A. ]g. P~ro UDC 539.31 

The magnitude of the e las t i c i ty  t e n s o r  of a compar i son  body remains  unclar i f ied if we use a s ingu- 
l a r  approximat ion [1] to e s t ima te  the effect ive values  of the e las t i c i ty  t enso r .  Below we will use  
a p a r a m e t r i x  method [2] to de te rmine  the f i rs t  approximat ion  of the random component  of the de-  
format ion  t e n s o r  and the effect ive values  of the e las t ic i ty  t enso r ,  and will also compare  the exact  
solution for  one pa r t i cu la r  he terogeneous  and a p rev ious ly  used approximation.  

The effect ive value of the e las t i c i ty  t en s o r  ~0 is de te rmined  by 

~~ = <~><~> -t-<L'e'>, 

where k '  = ~ -  <~>; ~' = ~ -  <~ >, and the s t r e s s  t e n s o r  sa t i s f ies  the equi l ibr ium equation 

V(~e) = 0. 

The solution of the equation will be found in the fo rm of a space potential  

e" = ~  def x G (x, y) I (y) dye, 

where defx= (1/2)[~7x+ (XTx)T]; and G(x, y) is the p a r a m e t r i x  [4] of the equi l ibr ium equation, which coincides 
with the "p r inc ipa l .  po la r  par t  of G r e e n ' s  t e n s o r  of a he terogeneous  and isot ropic  medium.  

We assume that  e = g 0 + g ,  e0=const ,  and subst i tut ing Eq. (1) in the equi l ibr ium equation, we obtain the 
in tegra l  equation 

(1) 
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/ (z) = V~ E (x) e ~ + y V ~  (x) defxG (x, y) t (y) dvu, (2) 

whose solut ion is c o n s t r u c t e d  as usua l  by the i t e ra t ion  method.  

Le t  us c o n s i d e r  in deta i l  the case  of an i so t rop ic ,  r a n d o m l y  he t e rogeneous  med ium 

~q.~mn = ~,5~j~rnn + 2}x~3~m6jn. 

The p a r a m e t r i x  of  the  e qu i l i b r i um  equat ion  [2] is  given by 

t i 

where  r = [ x - y  I ; and 5ij is the K r o n e c k e r  symbol .  

We will  l imi t  o u r s e l v e s  to the f i r s t  app rox ima t ion  in o r d e r  to  e s t i m a t e  the r a n d o m  componen t  of  the 
de fo rma t ion  t e n s o r .  In th is  c a s e  

(' r,... ~ 0 .,~%'u"~,,> = g-if-i j ~ [H~ ( r ) r f~  q_ 2H~(r)rmeO ] dye', (3) 

t ~r,~i~ +H~(r)lr~eO +2[H4(r)_H~(r)] (Ix'u"~,~) : ~-~-- j - -V--  {[Ha(r) 

o [H~ o o • rmem~+ (r)r~e~+ 2H~(r) rmem~] } 6 ~ r , ~ d v r ,  

where  we have set  [5] 

/ ~' (x) v~ (y )N r 
~s  + 29(y)ff = H l r  ; 

/ "  ~' (x) v~ (y) \ = g~ (r) r .  
\~,(y) if- 21~ (y) /"  r ' 

/ ~' (x) V~ ( Y ) \  = H5 (r) r .  
\ ~ (y) / 

/ ~,'(x) v~(y) \ = H 2 (  r ) r ; r  
\ ~ (y) + 2~ (y) / 

/ ~' (x) v~ (y) \ = HA (r) ~-; 
~ ,  (y) + 25 (y) / 

y / ~ '  (x) vtt (y) N = He (r) r .  
\ ~ (y) / 

f o r  the c r o s s - c o r r e l a t i o n  funct ions fo r  the case  of  r a n d o m l y  i so t rop ic  u n i f o r m  f ields .  

T r a n s f o r m i n g  the in t eg ra l s  (3), we obtain an e s t i m a t e  of  the effect ive  values ,  

4 
H4 (r) dr; (4) ~1 = (~)  - -  6 (~ ' ln~)  + -/~ 

0 

4 H6 (r)]) dr. ~'* = (~'> if" J (H,(r) q- 2[H,(r)-}- H3 (r)] -}- ]-~ [H, (r) - -  
0 " 

Here ,  we have used  the equa t ions  

co 

rhr m t f H (r) drShm ; ~-~ ~ H ( r ) -~ -  dv = -ff , 
0 

~---~S rhrmrlry 
H (r) ~ dv : t S H (r) dr [Smh~ij -~ 6hi6mj ~- 8hjSim]. 

0 

We may  a s s u m e  that  the r e su l t i ng  equat ions  have a r e l a t i ve ly  high p r e c i s i o n  fo r  a r a n d o m  med ium with 
cons tan t  P o i s s o n  coeff ic ient ,  i .e . ,  # ( r ) = k X ( r ) , s i n c e  in this  ease  the p a r a m e t r i x  is the influence function 
of  the equa t ion  )q jmnVje rnn=0 .  The ef fec t ive  va lues  c o r r e s p o n d i n g l y  have the f o r m  

~t~ = <~) --  [(6 + t6k)/15(1 ~ 2k)] ( ~' In ~), 
;~i = <~,> - -  [(I5 + i2k - -  4k2)/t5(1 + 2k)k](~' In ~>. 

The exac t  ef fec t ive  value h I has  been ca l cu la t ed  [6, 7] fo r  a he t e rogeneous  two-phase  med ium with 
/~ =cons t .  We will ca lcu la te  in the ge ne ra l  ca se  for  a m e d i u m  with cons tan t  r ig id i ty  modulus .  We take 
the d ive rgence  f r o m  the equ i l i b r ium equat ion obta in ing  

grad [(~, q- 2~) div u] - -  it rot rot u = 0, 

A[(h +2p)  div u ] = 0 .  

A c c o r d i n g  to the m e a n  value t h e o r e m  [8] fo r  h a r m o n i c  funct ions ,  

(K q- 2~) div u = ~ (~ q- 2~t) div u ds/4nR : ((~, q- 2}~) div u ) .  (5) 
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In tegra t ion  is conducted ove r  a sphere  of a r b i t r a r y  rad ius ,  i .e. ,  averaging  re la t ive  to a spher ica l  l aye r  
yields a value (k+2p)  div u at the center  of the sphere .  We find f rom E~. (5) that  

(div u> = (<~ div u) § 2,u(,div u>Zi/(X -}- 2,tO>, 

and, consequently,  

~, = <;L div u)/<div u) = <t/(s + 2p)> -~ - -  2!~. 

To compare  the es t imate  (4) and a prev ious  es t ima te  [31 to the exact  value,  we will decompose (6) 
in a s e r i e s  in moments  of the r andom component,  

??l 2 ~R 2 
~ , , =  ~ <s ~- 2p> --2> = <}v> <), ~7 2tt> "~- <s  ~" 2pt> 2 . . . .  

(6) 

(7) 

whe re 

r n ~  = <(Z - <;~>)~>= <(Z'y>.  

The es t ima te  (4) for  this  med ium 

k~ = <%> --  <X' ln(~, + 2V)> = <~,) --  rn:/<L + 2~> + (l/2)mJ<)~ + 2F~) ~ --  ... 

is more  accura te  to within th ree  t e r m s  than [3], which gave only the f i r s t  two t e r m s  of the expansion (7). 

The exact  value (6) can be obtained by using G r e e n ' s  t e n s o r  for  the given medium 

(8) 

Let  us prove that  when k(z) =const ,  Eq. (8) is t r a n s f o r m e d  into a well-known equation for  a homo-  
geneous medium,  i .e. ,  the in tegra l  

- = i -,la. Fz:z-,1 
(9) 

The in tegra l  in the right side of Eq. (9) is the der iva t ive  of  the space potent ial  (attraction) with density 
l i p  ( p = I y - z l )  for  an infinite space and, according to [9], is equal to the in tegra l  ove r  a sphere  with cen te r  
at y and radius  l y - x l  = r ,  

T 

lY:-zl~31 x - z l d v ' = 4 ~  pdp j 7  = r 
v 0 

Direct  substi tution of Eq. (8) in the equi l ibr ium equation ve r i f i e s  that Eq, (8) is a Green ' s  function. 

We will take as the Levi  function [4] 

G j ~ ( x ' Y ) = l ~  X (z) +- ~ (z) Iz---y( 7x1 f z - ~ d v z : ~ '  8z~(y) (61yr,pp--r,$~), (10) 

,? 

We will calculate  ei j  using Eq. (2) to a f i r s t  approximat ion,  Eq. (10) being uti l ized as the integrand. 

Introducing the c r o s s - c o r r e l a t i o n  function of i sot ropic  un i form fields k and #, 

<VvL(g)IIL(z) -~ 2u(z)]> = Mt(p).o,'p; <VvH(V),'iX(z) + 2p(z)]> = M2(9)p/p; 

<L'(X)Vy)~(y)/[~,(z) + 2u(z)]>=vvHa(p, R, 0)>; <~.'(x)vvFt(y)/[)~(z)+2~t(z)] > v~H~(,o, /~, 0), 

where p = l y - z l ;  R= I x - z t  ; and cos0  =pR/pR, 
oe  

0 

( i i )  

In calculat ing the in tegra ls  
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()Je~p>=--t ~ 0 0 0~/0 t \ / 0  

- _ r / ( z ' ) ,  \ _~ ~ / x ' . '  \1  0 
- [ \ x - - 4 - ~ / -  ~ \ z + 2 . / ]  8 ~  ; 

(12) 

it is assumed that integration of y over the entire space results in an equation that depends on R, such that 

4-~- - -  : H (0) 8,~. 

The estimate of the effective value of the compression modulus k=)~+ (2/3)/~ is given by 

/ x , x ' \  8 / x ' . '  \ 4 / . ' . '  \ 
= <k> - \ x - - 4 - ~ / *  -r \ x - - 4 ~ . ~ / ~  V \ x - - 4 - ~ /  , (14)  

o. 

3 "~). -}- 2 , / - -  "9" ~i -}- 2 , /  

taking into account Eq. (11)-(13). Whea ~ =const, Eq. (14) is transformed into the exact solution. We will 
assume that 1/()~+21z) is given by 

i/(~ + 2t0 ~ t/<), ~- 29), or by i/(X + 2~) ~ <l/(~ ~- 29)), 

in Eq. (14), obtaining estimates that correspond to the  singular approximation [1] and also those obtained 
in [31. 
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